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Abstract-The hypen:ircle method of strUl'lural analysis. the theory of which was developed in Part
I, is shown to have certain adv'llltages. in terms of computer time required, over conventional
methods "f analysis for vcry large rigid-jl.intcd planar frames. This elliciency is achiev\.'d by the
systematic usc of "superelclllcnts" based nn the fl.ur-nodc rectangular tinitc element.

INTROOI JeTION

In the preceding paper[I). the hypercirde method of Synge and Prager was used to derive
formulae bounding displacements and internal forces in rigid-jointed frames. For complex
structures with many members the dimensionality of the function subspaces encountered
in these formulae is large. presenting an obstade to practical utilization of the hypercirde
method. In this paper that obstacle is removed by introduction of special linear subspaces
based on interpolation procedures borrowed from the liniteekment method. This technique.
which may be termed the superelement method, provides an ctfective tool for the analysis
of large rectangular rigid-jointed frames subjected to lateral loads.

Figure I(a) shows the type of structure and loading considered. While not the most
general possible rectangular frame, it is adequate to exhibit the practical potentialities of
the hypercirde method. The bays of this frame an: numbered oc = I. b and have lengths L.,
The stories are numbered i = I.II(:X) ~lOd have heights II,. The pair (:x, i) thus identities a
"cell" of the structure. The joints are labelled using the same system except that ex now
refers to the column line and i to the beam line; hence :x = I, h + I and i = I, c(:x). where
doc) = max [II(:X -I ),II(:X»). Associated naturally with this scheme is the system of beam and
column it\cntilication shown in Fig. I(b).

TilE UASIC COMPATIBLE STATES AND TilE KINEMATICAL EQUATIONS

The basic compatibk st~ltes (i.e. those defining the subspace L') that will be used here
are those corresponding to the individual joint displacements. In order to represent these
states and their inner products it is convenient to introduce a descriptive notation in place
of the generalized notation used in Ref. [I]. Thus U~ will denote the state obtained by
imposing a unit horizontal displacement on the joint lubelled (:x. I) while all other dis
placements are prevented. Similarly O~ and V~ will correspond to a unit rotation and vertical
displacement of the joint. respectively. The joint displacements and forces associated with
these states arc shown in Fig. 2. Deformation due to shear is ignored. Since S~ = O. a
general state S· E L· may be represented

t Equations are numbercd conseclltively rrom Pari 1(1).
: Author to whom correspondence should he addressed.
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Fig. I. Gcm:r;d structure and loading.

h I I !"Il)

S· = L L [1I;V,'+O;(J,'+I','V;j.
.," 11-1

(93)

If this exprcssion is uscd to rcderivc thc displaccmcnt cquations, cqns (48), then the latter
may he rcwrittcn as

h I I ,11Il

, \~ K'IIX,1 = p'i.. L- If' I ,

II. Ii· I

:c = I, h + I; i = l,c(:c) (94)

wherc

[

(V,,. V':>
K"I = (0' V'I>1/ I' I

<V:.V~>

(V,', O~>

(0," 0':>
(V:, O~>

(V:, V':>]
(0:, V':>
(V,'. V':>

(95)

x': = [II': ()~ r~] , (96)

P: = [(50·, V:> (50·,0:> (50·, V:>]'. (97)

Thc inner products in matrix (95) are ohtained using elln (41) and Fig. 2. Since each interior
joint is connected to fOllr other joints as wcll as to itself it follows from elln (94) that

may be written for each interior joint (C/. I). together with :tppropriatc equations for the
boundary joints. The m:ttrices appearing in elln (98) arc. in gcncr:tl. tridiagonal.

For future reference. it is noted th:ttthe "b:tndwidth" of m.ltrix K represented in eqn
(98) is minimized by interchanging the order of the summation in eqn (94), i.e.

,t....~,

, , K'IIXIl = p'i- L- fl' I ,

I ~ I 1111I

i = I, "l11il'; :c =:c(i). (99)

Herc 11111 ." is the m:tximlll11 numher of stories over all the bays of the frame, and PU) denotes
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X~": -K~"

X,~, : -12g~

C~, :6g~H,

X~ : K,"" .K~ .12 (g,:, .g~
C~ : 6 (g~H,- g~, H,.,)
X,: :12g,~,

C.7, : -6 g,~, H,~

X~": -K~

K~ : EA~.lL~
G~ :EI~,d ..

k," :EA'"c.lH,
g:" :EI:, /H~

Y,"": G~" L".,
c,""':2 G:-"t...,
X~, :-6g,H,
C:, :2g~H,Z

X~ :6(g:"H>g:,:, H,.)
Y," : 6 (G~L .. • G""'L...,)
C~ : 4(g:"H~· 90":' H,z.,.

G~·'~. ·G~()

X~, :6g",H,.,
C,~, : 2 g~, H,~,

Y,"": -6G~ L..

C:,,"= 2G~ r..
Fig. 2. Joint displacements and fOr!;es associated with U; and fl,·.

those column lines that intersect thejth beam line. This has the effect of changing the order
of the terms in eqn (98). If the order of summation is unimportant. the Einstein summation
convention m~IY be used to suppress the summation signs. Then the equation

( 100)

may represent either eqn (94) or eqn (99).
Since the frame is loaded only by horilOntal forces at the joints, the vector P,' is given

by

<S~·, U:> = P,'; <S~·. 0:> = <S~·. V:> =0

where P: is the lateral load at the joint (:x. I).

(101 )

SUPERELEMENTS

The equations developed in the preceding section are now transformed by defining a
linear subspace of much smaller dimension than the actual number of kinematic~lldegrees
of freedom of thc structure. This is done by defining a new set of displacements .. nd .. linear
transformation betwecn thc new and origimtl set. i.e. a relation of the form of cqns (86).
The particular form of this relation used here is b'lsed upon the rl.-ctangular four-node finite
clement.

The first step in the implementation of the procedure is the construction ofa kinematical
superelement mesh. This is done by dividing the frame. along its beam and column lines.
into rectangular four-node elements. the nodes coinciding with the joints that lie at the
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corners of the rectangles. An example of a mesh constructed in this way is shown in Fig.
3. The nodes arc specified by pairs (~'.n. where~' = I.,,' and i' = I./l'(~').

It is well known from finite element analysis th<lt the displacement field within the
rectangul<lr element with corner nodes may be related to the nodal displacements by
means of bilinear interpolation[2j. The discrete analogue of this is used to relate the joint
displacements within'l supcrelement to the displacements of the corner joints. Then if nodal
displacements arc denoted hy

the full set of joint displacements is given hy

( 102)

" ",::t'j

X' = ' 'r"·x·.'" L t.... It·,
_'X"- 1 i' - t

~=l.h+l; i=I.c(:x). (I OJ)

In the ahow equ<ltion r~' arc the matrices of two-dimensional sh<lpe functions obt<lined
by multiplying the one-dimensional linear shape functions in the horizontal and vertical
directions. i.e.

where

{

[i -i(i' - I »)/[~(i') -i(i' -I)]

N,,' = [i(i' + I) -/l/[i(i' + I) - i(t»)

o

. { [~- ~(:x' - I )I![~(C(') - C[(~' - I)]
N

U = [C(~' + I) - ~l![C(:x' + I) - ~(C[')J

o

i ~ i(i' - I)

i(i' - I) ~ i ~ i(i')

i(i') ~ i ~ i(i'+ I)

i~i(i'+I)

a. ~ ~(:x' - I)

rx.(~'-I) ~ C( ~ ~(a.')

~(~') ~ rx ~ rx(a.' + I)

~ ~ ::x(~' + I).

(104)

( 105)

(106)

In eqns (105) and (106). ~(:x') denotes the number of the column line corresponding
to the vertical nodal line numbered :x' and i(t) the number of the be.lm line corresponding
to the horizontal nodal line numbered i'.

It is noted that the interpolation is carried out on the beam and column indices rather
than by actu<ll distances. This assumes th<lt tloor heights and column line spacings arc
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approximately constant within any one element ; the superelement mesh should be con
structed accordingly.

THE VERTEX EQUATIONS

Equations (103). with r~~' defined by eqns (105) and (106) for any given kinematical
superelement mesh. represent the desired linear transformations. The vertex of the linear
subspace defined by these equations is determined by the vertex equations

Kx = P.

This may be written out more explicitly in the form of eqns (94). i.e.

( 107)

~' = I. b'; i' = I. n'(~') ( 108)

where ~:.'1' are 3 x 3 matrices. In order to obtain ~ and r. invariance principle (88) is
applied. Thus

This may be written as

KX'x-2P'x = Kx·x-2P·x. ( 109)

( 110)

where the Einstein summation convention is understood. If transformation (103) is sub
stituted into the right-hand side of the above equation. there follows

( III )

Equations (III) correspond to transformations (89).
The structure of the vertex equations is now examined. It is observed that each interior

node is connected through the surrounding elements to all of the eight surrounding nodes.
Equation (108) may therefore be put into the form of eqn (98). For each interior node
(~'. i') the equation

( 112)

may be written. together with a set of equations for the nodes lying on the boundary of the
frame. Now from the form of transformation (III) it m.ty be deduced that each of the nine
3 x 3 matrices appearing in eqn (112) is in general tridiagonal. For comput'ltional purposes
it is again noted that the bandwidth of the vertex equations is minimized by rewriting eqn
(108)

h:....
'" '" -.'fI' fI' "t- t- ~,,. ~j' = r"

) - I II'())

i' = I. h~.,; oc' = oc'(i') (113)

where h~.. is the maximum number of "superstories" over all the "superbays" of the mesh
and {J'U') denotes those vertical nodal lines that intersect the jth horizontal nodal line,
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TilE STATICAL EQUATIONS

The statical problem is now considered. It may be hroken down into two parts: (i) the
construction of the state S~· E L·· ,lIld computations thereupon; (ii) the definition of the
subspace L" through a suitable set of residual states and the construction of the Ilcxibility
matrix II of their inner products. The lalter part is made easier by introducing residual
states that cause II to assume a form corresponding exactly to the form of the stiffness
matrix K. which has already been described. These states will be developed later. First. the
state S~· is constructed.

CONSTRUCTtON OF s~·

It is assumed that the structure is loaded as shown in Fig. I (a); i.e. lateral forces act
on all the horizontal faces. Due to the uneven roolline, a given bay may be subjected to
forces on both sides: these arc labelled P: and P: (Fig. 4). Let each bay in turn be
disconnected from the adjoining bays by severing the connecting beams and let the resulting
single bay be rendered statically determinate by inserting mid-member hinges as in the earlier
example. The member forces produced by the latcral loads acting on the determinate
structure may he developed with the ~tid of the two loading systems shown in Fig. 5. Let
J: and J: be the st,ttes obtained when a unit load is applied to the upper left and upper
right corner. respectively. of the (:x. I) cell. Then state S~· may be written as

h .(.)

S" = " " (P'J'+p'j')o L L. I I ".

J- I i .. 1

( 114)

The member forces associated with J; and J; are not developed explicitly. Instead. these
two states are written in terms of the new statcs

( 115)

Equation (114) may now be written as
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But

"(I} f ,,(1:) nf2. "tt_
L r; L lIkn: = L lI,O,' L r: = L H,n:O;
i_I k_1 ,_I k-, ,-I

(117)

where

lI(tl

n; = r. PI
k -I

(118)

is the sum of all the loads acting on the left side of the ::xth bay from the ith story level to
the top. Simil.trly

11(:.1' n(::lI)

L r; L Ilk 0; = L lI,rl;fi;
,- I k ~ I ,~ I

( 119)

m'l
(I; = L PI.

k .,
(120)

Hence cqn (116) may be written as

I h /101 • •

S~· = 4 L L fI,<n;O; + n;o;).
:r ~ I ,.1

(121 )

Representation (121) may be used to carry out computatilms involving S~·. but these are
simpler if the two linear combin'ltions

(122)

arC introduced. These are shown in Fig. 6. Equation (121) then becomes

I " "hi •

S~· = 4 LL Hi(q;Z: +ci;Z;)
J= 1 ,- I

(123)

where



C. A. NELSO!'i and L. E. G(JOUMA~

.1....
\ 1~ VHi

.1
..... I
~2

Hi

7 I a. T"

.1....,

'k >(
..,.,..
-I

7,1r a. rr

.1

r--...
............

) t -I ,~-
'"

V

77 0<~17

Fig. 7. Basic residual states.

x Ox 0-' 'x 0' 0- 1l/, = ,+ ,. l/, = ,- ,.

From eqn (123). a computation shows that

h It "(-r) "1It)

161IS~·f == L L L L fI,H,[W,'!,l/:cl': + ~i7!,ci:cF:J
,~I /h 1 i~ 1 ,~ 1

where

(124)

( 125)

W:!, = <Z~. Z~>. ( 126)

Expression ( 125) provides a wnvenient means ol\;omputing IIS~·II. In applying this formula
advant:lge may he taken of the handedness of matrix W:!' and the extreme sparseness of
~V,'r The components of these matrices arc ohtained easily upon reference to Fig. 6.

TilE BASIC RESIDUAL STATES AND TilE STATICAL EQUATIONS

The basic residual states (i.e. those defining subspace L") arc developed by again
considering each bay of the frame in turn as a statically determinate unit with hinges at the
mid-points of all the members. Since three degrees of statical indeterminacy (three statical
DOFs) arc associated with eac.:h story of a single bay frame. it is nec.:essary to construct
three independent residual states for each c.:c11 of the structure. The most natural choice of
these states. by virtue of their symmetry properties and localized nature, arc the three states
R:. T: and S: shown in Fig. 7. These m:1Y be constructed by applying various wmbinations
of unit moment pairs at the hinges of the (x. i) cell. as shown in the figures. It is noted that
the genemliled notation of e4.n (42) has been replaced by a more descriptive notation.

A general st:!le S" E L·· may now be represented

It lIlt)

S·· == S~·+ L L (r:R,'+f;T:+.I';S,').
:1 .. 1, ... 1

( 127)

Quantities r,', f: ..1': may be termed the "rcdundants" of the (x. i) cell. If representation (127)
is used to rcderive the force equations. e4.ns (48), it may be written as

where

" "jIll

" "8'/I(1f/+<.\' == 0L L II J ,
11- 1 ,~ 1

x = I, h ; .i = I, n(fn ( 128)
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[
<R;.R~>

B~ = <T;. R~>
<S~.R~>

<R;. T~>
<T~. T~>

<S~. T~>

(R:'Sj>]
<T~,S~>

<S~, S~>

(129)

(130)

(131)

The inner products in matrix (129) are obtained from definition (18) and Fig. 7. If the
pattern of inner products contained therein is examined. a useful analogy emerges. With
the correspondence

U-R. O-T. V-S ( 132)

matrices K;f in eqn (94) and 8,'f in eqn (129) are seen to be exactly analogous. In the
statical formulation. however, the cell replaces the joint as the basic entity. Since the same
connectivity properties apply to both entities. eqn (128) may be written. by analogy with
eqn (98), as

The above equation may he written for cadI interior cell (~.l). together with similar
equations that apply to the houndary cdls. The matrices appearing in eqn (133) are
tridiagonal. with the same pattern that occurs in eqn (9X). Finally, by analogy with eqn
(99), the handwidth of II is minimized hy rewriting eqn (12X)

",....
i = I. "",.,.,; ~ = ~(i) ( 134)

where flU) now ranges over those bays that extend to the jth story level.
It is now necessary to consider the vector A; defined by eqn (131). From eqn (123)

I h 'e/ll

<S~·.R,'> = 4 L L «R;.Z~>H,el = <R~.Z~>HJq'J)
JJ ~ I I· I

<S~·.T;>=O

I h ',111

<S·•• 5'> - " "<5' Z/I>11 JI• (J • I - 4 L.. L.. ' ••J , el, .
II", I I" I

( 135)

The inner products appearing in the :Ibove equations are obtained from the member forces
shown in Fig. 7 upon application of dclinition (I H). Also relleeted in eqns (135) are the
vanishing inner products

<T;.ZI:> = <T;,Z~> = <S:.Z~> = o. (136)

STATICAL SUPERELEMENTS AND THE VERTEX EQUATIONS

Given the previous development of the kinematical superclement mesh as a means of
reducing the numher of degrees of freedom of the structure. it is now natural to try to
construct a statical mesh for the S:lme purpose. Since in the statical formulation the cell
merely replaces the joint as the basic entity. the nature of the statical superelement mesh is
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readily apparent. An example ofsuch a mesh is shown in Fig. 8. It is seen that the rectangul,lr
four-node elements span between cells of the frame rather than between joints. Hence a set
of nodal redundants is defined

These give the full set of cell redundants through the bilinear interpolation

( 137)

h" n""")

," "" on" ,..tli" = i.J ~ ".. (I,,,
2"- I (' ... I

x = I,h; i = I,n(x). ( (38)

These equations are analogous to eqn (103). The matrix O,~~" is given by

( 139)

where the shape functions on the right arc given by eqns (105) and (106) with i" in place
of i' and x" in place of cc'. It is important to note that while the kinematical ,lOd statical
superclement meshes are based upon the same interpolation concept, they need not in
principle represent similar discretizations of the structure.

It is now a simple matter to write down the statical vertex equations. They are,
compactly

~+~=o

or, more explicitly, by analogy with eqn (107)

in which 8,'.";'."" arc 3 x 3 matrices given by

and

( (40)

(141 )

(142)

(143)

In the above equations the summation convention is understood. Transformations (142)
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and (I.B) correspond to eqns (89). The previously discussed bandwidth considerations
apply also to eqn (141).

BOUNDS ON THE STRAIN ENERGY

With the solutions! and ~ of the kinematical and statical vertex equations. bounds on
the strain energy of the solution may be obtained. From eqns (58) and (92)

(144)

and

(145)

It is recalled that IISII Z is twice the strain energy of the loaded structure: hence for any
kinematical and statical superelement meshes. eqns (144) and (145) give upper and lower
bounds on the stmin energy. If only one force does work during the loading process they
also provide bounds on the displacement corresponding to that force.

BOUNDS ON TilE LATERAL DISPLACEMENT AT ANY POINT

The nt<lin problem of this p<lper will now be trc<lted: that of finding hounds on the
"drift.. , or horizontal displ<lcel11enl <It a p<lrticul<lr point of the fr<lmc. This qU<lntity is of
interest to designers of t<lll huildings since cxcessive drift m<lY c<luse the structure to be
unservice<lble even while the stresses in the members <Ire well within <llIow<lble limits. The
hypercircle/superclement method will now be further developed for the purposc of bounding
the drift.

It will be ree<llled[ IJ that bounds on pointwise quantities associated with the solution
S <In: given by an inner product (S. G). where G is a suit<lbly chosen state. If the desired
4u<lntity is the horizontal displacement at the joint in the upper left corner of the celllabclled
(..I,/), then the correct choice for Gis

G = J/ (146)

where reference is m<lde to Fig. 5. If the displacement in the upper right is desired the state
j/ should be used. Subsequent computations will be based on eqn (146), it being understood
that if the "leeward" displacement is desired. J/ should be replaced by j/. Now if eqns
(liS) <lnd (122) are used, G may be written as

I ~ .~ I ~ A "'AG = 4 L H,D, = 4 l ... H,(Z, +Z,)
,-I , .. I

so th<lt

I I

1611Gll z = L L H,HI(W;~A + W~A).
.-1 I-I

It is proposed to apply the bounding formula (82). i.e.

(C,G)-RIIGII ~ (S,G) ~ (C.G)+RIIGII

in which

(147)

(148)

(149)
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The solution of eqns (90)

Kg' = (. Bg" =~"

is therefore required. In the above equations

z' = rTz'. z" = nTz".

The vector z' is given by eqns (78). In the descriptive notation

(z')~ = [(V~. G) (Ot. G) (Vt. G)] r.

Now from eqn (146)

(150)

( 151)

( 152)

(153)

(V:.G)=(V~.J/)== I if ~==A.i= I; =Ootherwise (154)

and clearly

«(}t. G) = (Vt. G) == O.

Transformations (152) may be written in the form of e4n (110). i.e.

.md from c4ns (153) -( 156) it follows that

(I.'),' == [ri~~ 0 0)'.

Thc vector /," is similarly given by eqns (78). In the dcscriptive notation

(I.")~ = [(Rt.G) (T;.G) (St. G»)'

and

I I _

(Rt.G) == 4 L IlJ«R,\Zl)+(R;'ZJ4 »
J~ I

(T~.G) = 0

I I

(S;.G) == 4 L Hj(St. Z/).
J- I

Now transformations (152) arc carried out

(1.");: = n,~~' (7.");.

( 155)

(156)

( 157)

( 158)

( 159)

( 160)

With these computations the two systems of eqns (151) may be set up and solved. Hence
the quantity IIGII may be determined. The matrices involved in eqns (151) are just the
transformed stiffness and flexibility matrices which appear in the vertex equations. Since
these latter equations have already been set up and solved. eqns (151) entail relatively little
additional effort.

In addition. the inner product (c. G) appearing in expression (149) is required. From
eqn (92c). with S~ == 0
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Fig. 9. Structure and loading: example 1.

Now from eqns (157) and (102)

Z' • x = r,4ful '_._ I, _' .

(16 I)

(162)

II' joint (A. /) is a node of the kinematical superclement mesh. eqn (162) becomes simply

z'· x = U(4. ( 163)

The second term on the right-hand side ofeqn (161) is. from cqns (123). (126) and (147)

h nIl) I

16<S~·,G> = L L L 1l,Il,(W;/c/;+ W;;\g).
1- I ,- I ,- I

Finally, the last term in eqn (161) must be computcd dircctly from

(164)

( 165)

PRACfICAL APPLICATIONS

Thc computations inhercnt in the hypercirclejsupcrelement (HjS) method entail no
essential dilliculty. In ordcr for thc method to competc successfully with the conventional
matrix displacement approach as a computation tool. however, pains must be taken to
eliminate unnecessury operations. This applies espt..'Cially to transformations (89).

A FORTRAN code. named HYPER. has been created to perform the computations
of the fljS method. It has been tailored for analysis of "flattop" frames loadcd on their
lateral faces as by wind or seismic load. Results obtained with HYPER are now presented
and compared with the results of an exact analysis by the conventional matrix displacement
(stiffness) method.

The first structure to be studied is the tcn story. three bay frame shown in Fig. 9. Three
sets of kinematical and staticul meshes are used to compute upper and lower bounds on
the lateral displacement at the upper left corner of the frame. These mesh pairs are shown
in Fig. 10. It is seen that the first mesh pair is extremely coarse while the last mesh pair
includes all of the joints and bays of the actual structure. The middle set lies between these
two extremes.

Table I shows the results obtained from HYPER for the three cases. All of the sealar
quantities needed to apply the bounding equation. eqn (82), of the hypercircle method are
recorded in Table I. (For reasons of economy of space the vectors used to compute these
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Fig. 10. Kinematical (left) and statical (right) supcrclement meshes: example I.

quantities arc not listed.) The bounds provided by the coarse meshes are seen to be
reasonably close in spite of the small number of degrees of freedom employed (v' = 12.
v" = 27 compared to v' = 120. v" = 90 for the actual structure). Since all the joints and
bays of the actual structure are included in the third mesh pair. the bounds coincide and
give the exact solution. apart from ,I small round-oIl' error.

A useful measure of the closeness or the bounds is given by the non-dimensional
quantity

B = RIIG/l/(C.G). (166)

This may be called the "normalized radius" of the hypereircle. Reference to Table I shows
that !J. decreases considerably from the first to the second set of meshes. If the requirement
!J. < 0.10 is adopted as the criterion for calling the bounds "close", then the second set of
bounds may be called "close".

In going from the second to the last set of meshes. the expected results

are reflected in the last column of Table I. The computations were performed by HYPER
on an IBM 4341 computer in double precision (64 bit) accuracy. The values of /15/12 and
".ctual were computed on the same machine by the conventional matrix displacement
method. t These agree with the values provided by HYPER to the number ofdecimal places
shown in Table I. It is also seen that the computed values of R. /lG/I. and Bare essentially
zero. The amount of CPU time required for the solution of the above problem by the CMD
method is approximately 2.6 s. Reference to the bottom line of Table I shows that this is
considerably less time than that required by the HIS method even for rough bounds. In

tThe linear equation solvers BANFAC and BANSOl due 10 Weaver and Gere(3) were used in both the
CMD method and in HYPER.
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Table I. Results obtained from HYPER for ten story frame example

Mesh 2 3 Units

v· 'v" 12m 24'45 12090
:IPII~ 5.65730 7.34753 8.41300 kin.

0.63919 0.830155 0.95054 kNm

IIV"Il~ 10.0960 9.03963 8AI3OO kin.
1.14069 1.02134 0.95054 kNm

z"x 0.33446 0.39463 0.43077 in.
0.84954 1.00236 1.094163 em

z··. -0.97102 -0.97285 -0.974240 in.
-2.46640 -2.47105 -2.474570 em

z"g' 0.022318 0.02546 0.027498 in.
0.056881 0.06466 0.0698460 em

z··g· 0.06544 0.065542 0.065598 in.
0.166226 0.166477 0.1666185 em

(e.G> 0.3842:!6 0.413394 0.430773 in.
0.975lJ34 1.050021 1.0941634 em

R 1.05341 0.650373 1.302 x 10- s (k in)u
11.19714 6.913078 13.84 x 10- s (Nm)"~

IIGII 0.07304 0.04580 1.477 x 10- 6 (in. k . ")' ~

0.174535 0.10945 3.529 x 10-' (m N· I )' ~

Lower 0.3072!! 0.3!!36U6 OA3U773 in.
btlUnd. L 0.781150 0.9743(>0 1.094163 em

Upper 0.46[66 0.44.lI82 0.4311773 ill.
hound. U 1.17136 1.1256112 1.IN4163 <:111

R 0.211025 0.0720(l 4.465 x 10 I ~

CI'U lime 4.112 4.31 5.17 ~

L. '"ZO i. 130Sc",)

100 in· 'OOOi,,·
164S....·)(Z08116."'·1
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Fig. II. Slruelure ;and lo;ading: e:t;ample 2.

order for the economy of the new method to be fully appreciated. a very large structure
must be considered.

The 50 story. ten bay structure shown in Fig. 11 is used to illustrate the advantage of
the HIS method. As indicated in the figure. the beam and column properties change every
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Tahlc 2. Supcrclcmcnt mcshcs for 50-story framc c~amplc (case I. coarscst; casc 7. tincst)

Mcsh

I. kincmatical
I. statical

1. kincm:ltical
1. slalical

3. kincmatical
3. statical

4. kincmatical
4. statical

5. kincmatic:,1
5. statical

6. kincmatical
6. statical

7. kincmatical

7. statical

1.11
1.1.9. 10

I. II
1.2.9.10

1.2. 10. 11
I. 2. 3. K. 9. 10

1.2. 10. II
I. 2. 3, K. 9. 10

1.2, 10, II
I. 2. 3. ll. 9. 10

1,2.3.9. 10, II
1.2.3,4,7, K. 9, 10

1.2.3,9, 10, II

I, 2, 3, 4. 7, K. 9. 10

10.20, )0.40. 50
I. 10. 20. ]0. 40, 50

5. 10, 15, 20. 25. )0. 35, 40, 45. 50
I. 5. 10. 15. 20, 25. 30, 35.40.45, 50

5. 10. 15. 20, 25. 30, 35. 40. 45. 50
I. 5, 10. 15. 20. 25, 30. 35.40, 45. 50

1.3,5. 10, 15.20,25.30.35. 3K. 40. 43, 45, 4l!. 50
I. 3. 5. 10. 12. 15. 20. 25. 30. 35. 3K, 40. 45, 4K. 50

I. 3, 5. K. 10, 15, 18, 20. 22. 25. 211, 30. 32. 35. 3K. 40. 43, 45. 411. 50
I. 3. 5, 10. 12. 15. 18, 22, 25. 28, 30. 32, 35. 38, 40. 42. 45. 411, 50

1.3,5, K. 10. 15. 18.20,22.25.28.30.32.35. 311. 40, 43. 45. 4K. 50
I. 3, 5. 10, 12. 15. 18. 20, 22. 25. 2K, 30. 32. 35. 311, 40, 42. 45. 48,
50

I. 2. 3, 5. 8. 10. 12. 15. 1ll, 20, 22. 25. 2K, 30. 32. 35. 311, 40. 43. 44,
45.47,48,49.50
1.2.3,4.5. ll, 10. 12. 15. Ill. 20. 22. 25. 2M. 30. 32. 35. 3K. 40. 42.
44, 45. 4M.49, 50

ten stories and the loading also varies with height. The situation pictured is therefore
"realistic". although the member properties are not the product of an actual design.

Seven sets of supcrclement meshes (Fig. 12). numbered 1-7 in order of increasing
fineness. arc defined in Table 2. The essential results of the HIS analysis of the seven cases,
using HYPER. arc given in a graphical representation by Figs 13 and 14. Details are given
in Table 3. Figure 13 shows the convergence of II V·II ~ and II VUII ~ to the value of 11511 2

•

It is seen that the energy of the state V· converges rapidly as the number of degrees of
freedom is increased while II VU II 2 approaches the true value somewhat more slowly. As
the theory demands. each successive refinement of the kinematical and statical superelement
meshes drives IIV·1I 2 higher and IIV u lI 2 10wer. The question of how exactly to achieve the
best values for a given number of degrees of freedom will not be explored here. (Indeed,
one of the virtues of the HIS method is that any reasonable meshes will yield reasonable
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Tallie J. Rcsults <,blained from IIYPER for 50-story frame cx;ulIl'lc
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Mc:.h 2 4 5 6 7 Units

y·iv· JlI/72 60/1.l2 120/1'}K 1KO/270 2400t,() 3t.o/4KO 4S0it>110

IIV·ll l K26'}49 KKI043 '142.11SK '1KO.I'1K IlKI41I '155.442 'l'16.104 kin.
93.4323 9'1.S440 106.43K 111I.747 11Il.KK4 112.469 112.544 kNm

!lV··ll l 1479.97 1156.15 It25.21 IOKO.16 IO.l5.3K 1030.37 1022.02 kin.
167.214 IJO.626 127.131 122.041 116.I}K::! 116.415 IIS.472 kNm

t" ){ 3.91714 4.0SI}2S 4.3.\'127 4.4471'1 4.44KIlJ 4.534X7 4.53690 in.
9.94tl53 HU10S 11.0217 11.2'159 11.2'}X::! 11.51K6 11.5237 em

z.. •• -232.337 -232.JJ1 -232.467 -::!J2.474 -232.472 -232.50::! -232511 in.
-5'1O.m -5'1O.I::!O - S'XI.466 -5l}().4K4 -590.47K -5l}().556 -590579 em

t"X' 0.023KK5 0.024570 (J.()26302 0.026775 0.026KOK 0.027449 0.027535 in.
O.()f>(}(,bK 0.O6::!407 O.l166K07 0.06KOO7 0.06K093 0.0697::!2 0.069'140 em

t-'X" 2.00465 2.0046K 2.005f>() 2.(1l)563 2.00564 2.oo5K4 2.00594 in.
5.09IKI 5.091XK 5.09423 5.09430 5.09431 5.094K4 S.O'ISUK em

(C.G) 4.32516 4.39971 4.47096 4.52153 452301 4.55123 454769 in.
10.9K5K 11.1752 11.3562 II.4X47 11411K5 11.5f>()1 11.5511 em

R 12.7772 X.29313 6.76661 4.'1')l}(JO 3.67327 2.95490 2.5452 (k in.)'l
1J5.814 K8.1510 71.9250 S3.1l64 39.11447 31.40X'1 27.os4 (Nm)Ll

lien 0.07186 0.06671 0.04236 0.03591 0.03540 0.0::!01 0.01 SO (in. k II' :
0.17171 0.15942 0.10122 0.085!!2 0.OK4StJ 0.04!l0 0.0359 (mN·Il I"

L 3.40702 J.H45HO 4.IH433 4.34199 4. 39::!911 4.491KS 4.50945 in.
8.6S3!!3 9.76K34 1O.62K2 1I.02K66 lU5K2 11.-1093 11.-15400 em

U 5.24331 4.95235 4.7575!! 4.70106 4.65305 4.61062 45!!594 in.
13.31!!0 12.579ll 12.0K42 119~)7 II.KI!!7 11.7110 1164!!3 em

~ 0.21228 0.12577 0.064 10K 0.03971 0.02K749 0.01305 O.ooK410

CPU lime 35.74 36.64 36.63 3K.21 39.15 4J.47 4t,21

bounds.) It is possible, however, to make certain observations concecning the effect of
adding additional lines of nodes to the meshes, In going from case 4 to case 5. for example,
the extra horizontal nodal lines cause II V" II ~ to decrease markedly but have a relatively
small effect on IIV·U 2• On the other hand, in going from case 5 to case 6, the added vertical
nodal lines cause a large increase in IIV·II~ and only a small decrease in IIV"II~. It is
anticipated that the analyst who uses the HIS method will develop a sense of how to
construct superelement meshes for bounds of a desired closeness.

The upper and lower bounds provided by HYPER are shown in fig. 14 as a function
of the total number of degrees of freedom (DOf). v' + v", for each of the seven sets of
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meshes. The value of <CO G) =: ~(L+ U) is also shown. It may be noted that <CO G) provides
a good approximation of the drift and initially approaches 11"<11",1 from below. It should be
rememhered. however. that <CO G) is not theoretically guaranteed to represcnt either a
lower or an upper hound on the displacement.

It is now appropriate to examine the critical question of computer time. Figure 15
shows the CPU timc required hy HYPER to achieve certain values of R for the seven sets
of meshes. (The significance of the three difrerent curves helow HYPER will be discussed
helow.) The time required by the conventional matrix displacement method (CMD) is
shown as a horizontal dashed line. It is seen immediately that HYPER is faster than the
CMD method even when very small values of R are required. In fact, for the linest mesh
used it is found that R < (>.01 and the time required is still well below that required by the
convention~t1 matrix displacement method. An equally important observation is th~1l the
eomputation~t1drort of the new method rises at a relatively slow rate over a wide range of
values of R. cxtcnding well into the rcgion required for "dosc" bounds. This rcmarkable
fi.:ature of the illS mcthod is discussed in more detail below. While it is clear that for
sullieiently small values of R the f--I YPER curve must intersect the eM D curve. it is also
ohvious that. for this type of prohlem at least. the bounds may be narrowed vcry far without
any large increase in computer time.

In order better to understand this behavior. a simple an~t1ysis may be carried out by
considering a square frame having N column lines and N beam lines. (To simplify matters
the ground line is treated as a beam line.) If a uniform kinematical superelcment mesh
having \' horizontal and vertical lines of nodes is assumcd. thcn the number ofmultiplications
required to carry out transformation (89) I. i.e.

( 168)

may be determined as follows. Equation (168) is first rewritten

.v .v ,v ,v

K;{ L L L L r~~r~:/K;f'
1-1/1-1,-1,-1

,x'.rr.;,.)' = I.\'. (169)

Due to the sparseness of the matrices involvcd. only a small number of the mul
tiplications yield non-lcro products. Furthermore. the symmetry of ~ rcquires only the
computation of fivc matrices for cach node (x'. n
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Fig. 16. Nodes associated with ~ matrices.

(170)

The nodes associated with e.lch of these five matrices are shown in Fig. 16. To compute
~:','. the number of multiplications required is (2)(5) ([2(N-I l/(v- \)] -I}!. where
the factor in curly brackets squared is the number of joints (IX. i) for which the factor r~~'

does not vanish. and the factor 5 is the number of nodes ({l.j) .tssoci.tted with each
(2. i) for which K:r is a non-zero matrix. (I' a similur analysis is carried out for the other
four matrices in (170) it is found thut the total number of multiplications required for
transformation (169) is

(171 )

where ;. = (N - I)/(1'- I).
This may be approximated closely by

( 172)

Dilrerentiution of this expression with respect to t' then shows that

( 173)

which is cleurly negative. It may be concluded that. for the idealized problem formulated
above. the number of multiplications required for transformation (168) decreuses as the
uniform mesh is made finer. It should be noted that no provision has been made for nodes
th"t lie on the boundary of the structure; hence the an"lysis holds strictly only for very
large frames with relatively line meshes.

Now the results presented in Fig. 15 may be understood clearly. The lowest curve
below HYPER represents the basic computational effort; it is independent of the nuture
of the supcrelement meshes (computution of K. 8. P. A. IIS~·ll!. IlGll~. etc.). The second
curve represents the basic computations plus those associated with transformations (89)
giving 1\. 8. etc. (t is observed that this curve tends generally downward with decreasing
values of /3. This is exactly the beh'lvior predicted by eqn (173): i.e. ~ and II require less
computution as the kinematical and statical superclement meshes are made finer. Due to
this behavior the total CPU time required by HYPER does not begin to increase significantly
until the vertex equations. eqns (87). become large enough so that their solution requires
more time than is saved in their formulation. Accordingly. the uppermost curve in Fig. 15
shows that there is a "window" at the right-hand end in which B may be decreased without
any significant increase in CPU time.
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CONCLUSIONS

This work consists of two parts. Part 1[1] develops the theoretical background for the
application of the hypercircle method to frame analysis. In Part II. the theory of the
hypercircle is applied to rigid-jointed plane frames composed of horizontal beams and
vertical columns. A superelement method is introduced to reduce the number of kinematical
and statical degrees of freedom of the structure while creating subspaces that pass as closely
as desired to the actual solution. To test the usefulness of the new method as a tool for
determining upper and lower bounds on the "drift" of tall buildings. two structures are
studied. It is found that the hypercircle/superelement method ofanalysis gives useful bounds
even for relatively coarse superelement meshes. For a 50-story. ten bay frame the new
method provides close bounds in significantly less time than is required by the conventional
matrix displacement approach.
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AI'PENDIX. NOTATION

n::
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1):.1):
g;.g;'
..:.J:
K:I'
K:r
If,. L,
NII,.N""-

P,\P:
tf,. If.
H~.T:.S,'

r: I t~ •.~

U:. V:.OJl
II: .f,' ,tY:
Ut':!. ~&7:

,,~

,,~

Z;,Z:
(z'),'. (z"):

(z'),'. (l")::

(\,'
A;':

3 )( 3 malrix of inner producls of basic residual slales
transformed matrix of inner products
slates used in construction of S~· ; sec eqns (115)
transformed vectors used in computation of 11(;11. defined as solution of etlns (151)
stales resulling from unil pressure and suction loads at ith slory of celh bay (Fig. II)
3 x 3 matrices of inner products of basic compatible states
Iransformed matrices of inner products
height of ith story. length of 7th bay
one-dimensional linear shape fUOl;tions in the vertical and horilllnt'll dirL'Ctions. defined by
eqns (1()5) and (1()6)
pressure and suction loads acting at ith story of7lh bay
quantities used in computation of IIS~·II. defined by eqns (124)
basic residual states associated with cdl (7. i)
redundanl forces associated with basic residual slates
basic compatible states associated with joint (7.11
joint displaccments associatcd with basic c<lmpalible states
inner products of the slatcs Z:. Z; ;defincd by etlns (126)
vector of joint displacements associated with joint (fl.})
transformed VL'C!or ofjoint displacements
st.ltes used in construction ofS~·. defined by eqns (122)
vectors defined by L-qns (153) and (ISH)

VL'CtorS obtained from transformations (152)
right·hand side veclors of force equations. delined by eqn (131)
transformL-d righl-b.md side VL'Ctors of furcc equations
m'ltrices of two-dimensional shape functions associated with kinematical supc:relemenl mesh
matrices of two-dimensional shape functions associated wilh statical supcrelemenl mesh
sum of pressure. suction loads aeting on 7th bay from ith story to lOP of bay
vector of redundant forces associated with cell (fl.})
transformed vector of redundant forces.


